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Abstract 

 

This paper explores the effect of personal income taxes on redistribution when labour supply reactions are 

taken into consideration. The results indicate that the classical non-behavioural results on redistribution are 

not necessarily satisfied in a more general behavioural framework. In this respect, it is shown that the relevant 

transition to measure redistribution is not the transition from the initial post-tax to the final post-tax income 

distribution, but rather from the more precise initial pre-tax to the final post-tax income distribution. In 

addition, the necessary and sufficient conditions to ensure redistribution in this wider setting are postulated, 

which helps determine the behavioural bias under alternative tax and labour supply models. This shows that 

the functional specification of labour supply may also affect the results. 
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1. Introduction 

This note explores the effect of taxes on redistribution when labour supply behavioural 

reactions are taken into account. In this respect, redistribution is measured in the classical 

way, defined in terms of the transition from pre-tax to post-tax income distributions. It is 

shown that non-behavioural (static) standard results on redistribution are not necessarily 

fulfilled in a more general behavioural (dynamic) framework.2 To this extent, correct 

redistribution analysis requires incorporation of behavioural effects induced by taxes.3 

 

In this new setting, the paper distinguishes between three different income distributions: 

(i) the initial pre-tax income distribution, which corresponds to gross incomes in the 

absence of taxes, 

(ii) the initial post-tax income distribution, which is the gross income distribution once 

changes in labour supply have been taken into consideration as a result of tax 

change, and 

(iii) the final post-tax income distribution, which reflects the distribution of initial post-

tax incomes net of taxes. 

 

                                                           
2 The seminal contributions in the static literature include Fellman (1976), Jakobsson (1976) and Kakwani 

(1977). Extensions to personal income taxes with positive thresholds can be found in Keen et al. (2000). As 

far as the authors are aware, Preston’s (1987, 1989) MPhil and PhD dissertations are the only references using 

a behavioural approach. Although some of the results in the current paper can be inferred from these analyses, 

the results presented are a step forward as we state them in terms of a key behavioural component, which 

helps to illustrate the main propositions. 

3 This is evidenced in an extensive empirical literature (see, for instance, Aaberge et al., 1995, 1999, 2000). 
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In exploring redistribution, this conceptual distinction is theoretically relevant as it implies 

that net income and tax liability are determined endogenously. Within this framework, the 

relevant transition to measure redistribution is the one from the initial pre-tax to the final 

post-tax income distribution, and not the one from the initial post-tax to the final post-tax 

income distribution, as assumed in the non-behavioural setting. 

 

In this wider context, the necessary and sufficient conditions to ensure redistribution are 

postulated. Moreover, standard Jakobsson-Fellman-Kakwani (JFK) results can be preserved 

under restricted conditions on the structure of the tax system and on the specification of the 

labour supply. As a result, it is found that labour supply specification does matter and it 

may influence the final redistributive impact of a given tax reform. 

 

The structure of the paper is as follows. Section 2 defines the model and quantifies 

progressivity in terms of wage elasticities. Section 3 offers some applications to alternative 

tax structures and labour supply functions. The final section provides some concluding 

remarks. 

 

2. The model 

Assume a distribution of homogeneous individuals i=1,...,H with differences only in 

exogenous gross wage rates W=(w1,...,wH). Assume the initial pre-tax income vector 
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Y=(y1,...,yH) generated by yi=wiLi, where Li is the pre-tax labour supply and the distribution 

Y is confined to positive pre-tax income levels yi∈ R++ ≡ (0,∞), as usual.4 

 

Labour supply 

Pre-tax labour supply adopts this general form Li=L(wi,mi), where mi is non-labour income, 

initially assumed to be zero, which allows for 0<
∂
∂
w
L . However, an upper bound 

1, −≥
∂
∂=

L
w

w
L

wLη  needs to be satisfied. This weak restriction is consistent with standard 

Slutsky properties. Assume L  to be the maximum labour supply as obtained for w . This 

general form includes cases typical in the literature, including: the constant elasticity of 

substitution (CES) utility function (Stern, 1976 and Zabalza, 1983), where w  tends to 

infinity, the elasticity of substitution is greater than one and mi ≥ 0; and the linear 

(Hausman, 1980, 1981) and log-linear (Burtless and Hausman, 1978) specifications. These 

specific functional forms are dealt with later.5 This labour supply specification is denoted 

L(wi,mi) ∈ *L . 

 

 

 

 

                                                           
4 The basic model presented in this analysis assumes non-zero income values. However, most of the results 

can be extended for distributions with zero-income values yi∈ R+ ≡ [0,∞). 

5 In the CES case, when the elasticity of substitution is lower than one, the condition 1, −≥wLη is satisfied for 

a range of the parameter values (see appendix B). 
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Tax structure 

The tax structure adopts the general form T: R+→R, such that T(u) is continuous, 

increasing u
u
T ∀>

∂
∂ ,0  and differentiable on u and u

u
T ∀<

∂
∂ ,1 . These are the standard 

assumptions in the literature. These tax structures belong to the class T∈ *T . However, 

although this specification allows for negative taxation, as discussed later, it must satisfy 

certain conditions to be redistributive. 

 

Redistribution 

The primary aim of this paper is to generalize the standard results on redistribution of JFK. 

In doing so, the concept of local residual progression is employed. According to JFK, a 

necessary and sufficient condition for the existence of non-negative redistribution is that 

local residual progression is always lower than or equal to one (and greater than or equal to 

zero) for every pre-tax income distribution. When comparing two tax systems, the 

necessary and sufficient condition for non-lower redistribution is that the residual 

progression should be reduced (and non-negative). 

 

To allow for labour supply effects, we distinguish between the initial post-tax income 

vector Y'∈  RH
++, generated by y'i=wiL'i: 6 

 













≥

<

=

wwL

wwmwL

mwL

i

ii

iii
'

'''

'

,

),,(

),( , 

                                                           
6 Note that the initial post-tax income Y' corresponds to the actual taxable income. 
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where L'i is the post-tax labour supply, w'i = wi(1-t) is the marginal post-tax wage rate, and 

m'i is the virtual non-wage income, and the final post-tax income vector X' ∈  RH
++ is 

generated by x'i=yi'-T(yi'). 

 

Within this setting, redistribution focuses on the transition from the initial pre-tax income 

distribution (Y) to X'. The redistribution effect is consistently defined with the Lorenz 

curve criterion of second-order relative inequality dominance as proposed by Atkinson 

(1970). 

 

Definition 1 

A tax system is redistributive (progressive) if, and only if, for any initial pre-tax and final 

post-tax distributions, Y and X' ∈ RH
++, X' ≥L Y. That is, if and only if, X' weakly 

dominates Y: 

 

Hk
Y

y

X
x

YX
k

i

i
k

i

i
L ,...,1,

)()'(
'

1

)(

1

'
)( =∀≥⇔≥ ∑∑

==
µµ

, 

 

where µ(X') and µ(Y) denote the mean of X' and Y, respectively. The terms x'(i) and y(i) are 

the ith smallest elements of the corresponding distributions. 
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Definition 2 

Local residual progression, ηx',y, is defined as the elasticity of x' with respect to y, the 

relevant local redistribution measure in this setting. Conversely, the standard approach 

focuses on the residual progression defined as ηx',y'. Note that, within this framework, x'(w) 

and y(w) are positive non-decreasing functions on w. Then, ηx',y'=ηx',w/ηy',w. 

 

Making use of these definitions, we state the following proposition, which is a natural 

extension of JFK: 

 

Proposition 1 

Given any initial pre-tax and final post-tax distributions Y and X' ∈ RH
++, generated by 

T∈ *T  and L(wi,mi) ∈ *L , a necessary and sufficient condition for a tax system to be non-

negative redistributive (according to Lorenz second-order relative inequality dominance 

criterion) is: 

 

10 ,' ≤≤ yxη  for all y. 

 

Proof: See appendix A. 

 

Proposition 2 

Given any initial pre-tax and final post-tax distributions Y and X' ∈ RH
++, generated by 

T∈ *T  and L(wi,mi) ∈ *L , a necessary and sufficient condition for a tax system to be non-
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negative redistributive (according to Lorenz second-order relative inequality dominance 

criterion) is: 

 

10 ',',' ≤≤ yxyy ηη  for all y. 

 

Proof: It is derived from proposition 1 and taking into account the following decomposition 

ηx',y=ηy',y ηx',y'. 

 

Corollary 1 

JFK's condition (0≤ηx',y'≤1) becomes the relevant condition for non-negative redistribution 

when there is no labour supply reaction, such that ηy',y=1, which implies ηx',y=ηx',y'. 

 

It is worthwhile noting that yy ,'η  is the key concept in this construction. This element 

captures labour supply changes, which we denote the behavioural (or dynamic) component. 

This new factor, not covered by the literature thus far, helps us understand and characterize 

the behavioural bias on redistribution because of the tax system, under alternative labour 

supply specifications. The importance of this term is summarized in Figure 1, which 

illustrates the role of this key element, yy ,'η , in determining the overall redistributive effect. 

The static term is ηx',y', which captures the move from the Lorenz curve for X' (Lx') to the 

Lorenz curve for Y' (Ly'). Figure 1 depicts the case where ηx',y' < 1 (i.e., static positive 

redistribution as Lx' lies above Ly'). However, this is not the whole picture because we are 

very interested in the total move from Ly to Lx', captured by xy ,'η . As shown in this case, the 
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behavioural component, yy ,'η , swaps the sign of the redistributive power of the tax. In other 

words, under a non-behavioural setting, the depicted tax appears to be redistributive, 

whereas, if we account for labour supply reactions ( yy ,'η  different from one), it is 

negatively redistributive. 

 

FIGURE 1 ABOUT HERE 

 

Obviously, yy ,'η  need not offset the static effect, but it certainly generates a specific 

behavioural bias. After some straightforward manipulations, this key concept yy ,'η  can be 

expressed in terms of wage-income elasticities as: 

 

wy

wy
yy

,

,'
,' η

η
η = . 

 

Since ηy',w = ηL',w +1, it can be also written as a function of wage-labour supply elasticities: 

 

1
1

,

,'
,' +

+
=

wL

wL
yy η

η
η . 

 

Note that these elasticities are expressed in terms of the exogenous pre-tax wage rate as it 

identifies individuals. This can be extended to characterize redistribution for two alternative 

tax structures: 
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Proposition 3 

Given any initial pre-tax income distribution Y∈ RH
++, assume two alternative taxes T' and 

T'' ∈ *T  that respectively generate two initial post-tax distributions Y' and Y''∈ RH
++ and 

two final post-tax distributions X' and X''∈ RH
++ under a labour supply specification 

L(wi,mi) ∈ *L , then T' is more redistributive than T'' if, and only if, local residual 

progression from Y to X' is not always greater than from Y to X'': 

 

yxyx ','',0 ηη ≤≤  for all y, 

which is equivalent to: 

'','',''',','0 yxyyyxyy ηηηη ≤≤  for all y. 

 

Proof: See appendix A. 

 

3. Applications to alternative taxes and labour supply specifications 

In this section, the labour supply effects and yy ,'η for alternative taxes under different labour 

supply specifications are analysed. In general, we illustrate that the above condition for 

redistribution, 0 ≤ ηx',y ≤ 1, is difficult to be satisfied, even in the simplest case. As an 

illustration, we first consider the case of a proportional tax, for which standard zero-

redistribution is only guaranteed under certain conditions. Second, we examine linear 

progressive taxation applied to alternative labour supply specifications in order to search 

for conditions that guarantee positive redistribution. 
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3.1 Proportional tax case 

We see that, under very restricted conditions, a proportional tax achieves non-negative 

redistribution within our tax behavioural framework. 

 

Initial pre-tax income yi is: 
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Post-tax labour supply Li' is: 
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Initial post-tax income yi' is: 
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Final post-tax income xi' is: 

 





≥−−
≤−≤−−

=
wtwLtw

wtwtwLtw
x

ii

iii
i )1()1(

)1(0),0),1(()1(' . 

 



 11

As 1',' =yxη , the necessary and sufficient condition to guarantee redistribution neutrality wi ∈  

),0( w  is 1,',' == yyyx ηη . Hence, wLwL ,,' ηη = . This stringent condition is satisfied in cases such 

as the log-linear labour supply specification and, when mi=0, in the case of the Cobb-

Douglas utility function (see below). 

 

3.2 A linear tax under different labour supply specifications 

Now we study the affine tax system as analysed by Atkinson and Stiglitz (1980), Atkinson 

(1995) and Hall and Rabushka (1995): 

 

010,)( >>≥+−= tandZtyZyT . 

 

This tax scheme, which generates unambiguously 0≤ηx',y'≤1, is examined under three 

alternative functional forms: the CES, linear and log-linear specifications. 

 

3.2.1 CES 

The CES utility function is defined as: 

 

1,0)(),( <>−+= ραα ρρ LLyLyU , 

 

from which the pre-tax labour supply L can be recovered as: 

 

0,
)/(

)/()0,( ≥
+

= i
ii

i
i w

ww
wLwL σ

σ

α
α , 
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where L  represents the maximum labour and σ = 1/(1-ρ) is the elasticity of substitution. 

 

Post-tax labour supply L' is: 

 

ir
ii

i
i ww

twtw
ZtwLwL ≤≤

−+−

−−= '0,
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)/)1(()0,(' σ

σ

α
α , 

 

where wr' is the post-tax reservation wage. Both labour supply functions are illustrated in 

Figure 2 for σ>1. 

 

FIGURE 2 ABOUT HERE 

It can be proved (see appendix B) that, for any α>0, σ>1 (or 0<ρ<1), Z ≥ 0 and 1 > t > 0, 

and wi ∈  (wr', ∞) 

 

wLwL ,,' ηη > >0. 

So, 

wywy ,,' ηη > >1. 

Hence, 

1,' >yyη . 

 

Figure 3 illustrates this evidence. Positive redistribution is then not guaranteed. Note also 

that, under the proportional tax case, Z=0 and t>0, negative redistribution arises unless, in a 
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Cobb-Douglas case, the parameter σ converges to one. Consequently, under this CES 

specification, we generally find a regressivity behavioural bias due to ηy',y > 1. 

 

FIGURE 3 ABOUT HERE 

 

3.2.2 The linear labour supply (Hausman, 1980, 1981) 

Pre-tax labour supply L is: 
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where a,b>0. Again, assume mi=0. In this case, wr = -c/a, for c ≤ 0 and wr=0, for c>0. 

Post-tax labour supply L' is: 
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where 
)1(

'
ta
bzcwr −

+−=  for c-bZ ≤ 0 and wr'=0, for c-bZ>0. So, wr' ≥ wr (strictly positive for c-

bZ<0, and equals -to zero-, otherwise) and 
)1(

'
ta

cbZLw
a

cLw
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−+=<−=  for Z ≥ 0 and 1> t > 0. 
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Then, a negative redistributive (regressive) behavioural bias is generated for any a,b>0, 

c≤0, Z ≥ 0 and 1 > t > 0, and wi ∈  (wr', ∞),7,8 

 

0,,' ≥≥ wLwL ηη . 

So 

1,' ≥yyη . 

 

FIGURE 4 AND 5 ABOUT HERE 

 

3.2.3 The iso-elastic labour supply specification (Burtless and Hausman 1978) 

Pre-tax labour supply L is: 

 

                                                           
7 If c>0 but not large enough such that c<bZ/t is also satisfied. 

8 In the two examples so far, there is a restriction in the wage distributions to satisfy wi   > wr', (where wr' is 

the reservation wage after tax, below which labour supply is zero) and hence Y',Y∈  RH
++. However, the 

results on redistributions can be extended for wi  ∈  [0, ∞) and therefore, to allow for zero income levels, 

Y',Y∈  RH
+, in line with Keen et al. (2000), although here negative (increasing) taxes are allowed. In this case, 

0,,' ≥≥ wLwL ηη  (and hence, 1,' ≥yyη ), for all w, and wr' ≥ wr are conditions for Y ≥L Y'. These conditions 

are satisfied in both examples. 
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where A, α>0 and β≤0 and mi>0. Post-tax labour supply L' is: 
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where 'ww < . 

It can be proved that, for any A,α>0, β≤0, Z ≥0 and 1 > t > 0, and w > wi > 0, 

 

αηη == wLwL ,,' . 

So, 

wywy ,,' ηη = . 

Hence, 

1,' =yyη . 

 

Positive redistribution is produced for Z>0 (between 0 and w ). Note also that zero 

redistribution arises under the proportional tax case Z=0 and that negative redistribution is 

induced under Z<0. Moreover, for any tax system, 1,' =yyη  and so ',',' yxyx ηη =  (between 0 

and w ), which is the JFK result under no behavioural reactions to tax changes. This implies 

behavioural neutrality. Nonetheless, again we have a negative behavioural bias for wi 

∈ (0,∞) and Z ≥ 0, as 0,,' ≥≥ wLwL ηη  and, therefore, 1,' ≥yyη  (see Figure 7). 
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FIGURE 6 AND 7 ABOUT HERE 

 

4. Concluding remarks 

By making use of the concept of local residual progression, this paper decomposes 

redistribution into two components: 

(i) progression due to the impact on labour supply behaviour induced by the tax 

change, captured by the transition from the initial pre-tax to the final post-tax 

income distribution; 

(ii) progression as a consequence of the actual tax liability, quantified by the move from 

the initial to the final post-tax income distribution. 

 

This decomposition allows a generalization of the standard JFK conditions on redistribution 

when labour supply reactions to taxes are taken into account. It also allows us to determine 

the behavioural bias, through the behavioural component yy ,'η isolated here, of applying a 

particular tax to a labour supply specification. In this richer framework, we find that the 

labour supply specification is relevant in evaluating the redistribution of taxation. Further 

research may explore extensions of the concept of redistribution to incorporate the notion 

of equality of opportunities. 
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Figure 2 
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Figure 3 
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Figure 4 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

w 

 

L’
L 

L, L’ 

L

)1(
'

ta
bzcwr −

+−=
a

cLw −=
)1(

'
ta

cbZLw
−

−+=a
cwr

−=



 23

 
 

Figure 5 
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Figure 6 
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Figure 7 
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Appendix A: 

 
 
Proof of proposition 1: 
 
Given any initial pre-tax and final post-tax distributions Y and X' ∈ RH

++, generated by the 
tax and labour supply structures such as T∈ *T  and L(wi,mi) ∈ *L , a necessary and 
sufficient condition for a tax system to be non-negative redistributive (according to Lorenz 
second-order relative inequality dominance criterion) is 10 ,' ≤≤ yxη  for all y. 
 
In our context, with T∈ *T  and L(wi,mi) ∈ *L , we can derive x'(w) and y(w) as two non-
decreasing positive functions of w, such that x',y > 0 and ηx',w, ηy,w≥0. Given the restriction 

ηL,w, ηL',w≥–1 for all w, and the expression 
1
1

,

,'

,'

,'

,

,'
,' +

+
==

wL

wL

wy

wx

wy

wx
yx η

η
η
η

η
η

η , then 10 ,' ≤≤ yxη , 

for all y, is equivalent to 0≤ηx',w≤ηy,w for all w. Consequently, we must prove that the latter 
condition is equivalent to Lx'(p)≥Ly(p) for all p, for every initial distribution of w.9 
 
 
Proof: (based in Jackobsson proof) 
 
The sufficient condition (the ⇒ part). Given any ordered discrete initial wage distribution 
w=(w0,w1,...,wi,...,wn), the condition 0≤ηx',w≤ηy,w for all w implies 
 

11'
'

−−
≤

i
i

i
i

y
y

x
x  for all i=2,...,n. 

 
By the lemma due to Jackobsson (p. 164, 1976), then Lx'(p)≥Ly(p) for all p. 
 
The necessary condition (the ⇐  part). If there exists an interval where ηx',w ≥ ηy,w, then 
there always exists an initial distribution, within this interval, such that Lx'(p)≤Ly(p) for all 
p that contradicts the result. 

                                                           
9It generalizes the Jackobsson-Kakwani result for any x'(w) and y(w) functions of w (and not only for after- 

and pre-tax income functions x' and y' of wage rates). It also modifies Lambert 8.6 theorem (p. 206, 2001), 

imposing Lorenz dominance (and not only concentration curves dominance) for non-decreasing functions. 
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Proof of proposition 3: 
 
Again, in our framework where T∈ *T  and L(wi,mi) ∈ *L , the condition yxyx ,'','0 ηη ≤≤  is 

equivalent to 0 ≤ ηx',w ≤ ηx'',w. Therefore, we have to prove the wxwx ,'','0 ηη ≤≤  for all w ⇔ 

Lx'(p)≥Lx''(p) for all p, for every initial distribution of w. 
 
 
Proof: 
 
The sufficient condition (the ⇒ part). Given any ordered discrete initial 
w=(w0,w1,...,wi,...,wn) distribution, 0≤ηx',w≤ηx'',w implies 
 

11 ''
''
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−−
≤

i
i

i
i

x
x

x
x  for all i=2,...,n. 

 
By the lemma due to Jackobsson (p. 164, 1976), then Lx'(p)≥Lx''(p) for all p. 
 
The necessary condition is analogous as in proposition 1. 
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Appendix B 
  
 
Given the labour supply for the CES specification when mi=0: 
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the wage elasticity is given by: 
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which is positive for σ >1 and negative for 1>σ >0. The wage derivative of the elasticity is 
always negative for α>0 
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The limit of the wage elasticity as w tends to infinity is 
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which tends to a positive number for σ >1 and to a negative number greater than –1 for the 
alternative case 1>σ >0, whenever (σ –1)αα>–1 (verified for all 0<α≤1). 
 
After the affine tax, the labour supply is: 
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the wage elasticity is given by: 
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where vi=wi(1-t). This wage elasticity is positive for σ >1 and Z≥0, given α>0, in the 
relevant interval where L'>0. We can infer that the derivative of the above elasticity with 
respect to Z is always positive for L'>0 as: 
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We must prove that: 
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for α>0, σ>1, Z ≥ 0, and 1 > t > 0. 
 
That is: 
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where vi=wi(1-t). Given Z≥0: 
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We also have, given t>0: 
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because 
 

 
Transitivity completes the result. 
 

This result is also true for all 1>σ >0, involving 0<
∂
∂
w
L , and not only for σ >1 (for all 

0<α≤1). Note that, in this case, 1,,' −>> wLwL ηη  for wi>0. 
 
Finally, in the Cobb-Douglas case, when σ =1 behavioural neutrality is reached, whenever 
Z=0 as 0,,' == wLwL ηη  for wi>0. 
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